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Problem 1:
Decide if the function

Oifr =y

d(z,y) =
(z.9) {r+yifx;éy

1S or is not a metric on the set N>1,Nsq, N>oU {0} ,on Ryo. If 'yes at least once, then
draw the respective open disks B,_\o(zy = 2) and B,_g(ro = 10)

Solution:

Note that d(z,y) is a metric on the set M if:

1) Vz,y e M d(z,y) > Oandd(z,y) =0 e 5 — y
’-DQQ 2)Vo,ye M- d(z,y) = d(y, z)

) V2,y,2 € M d(z,2) < dfa. y) +d(y,2)

"De%i Open ball: B, (zq) = {zeMm: d(z,0) < r}
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The set N >0

Letz = y. We see thatd(z,y) = 0.

Takes # y. So then we see thatd(z,y) = z +y. Sincez > 0,y > Obut they arc
not simulatenous zero,we can conclude thatz + y > 1hence we have thatx #‘y =>
d(z,y) > 0.

So for all valuesz,y € N5git follows thatd(z,y) > Oandd(z,y) = 0 & z = yhence
the first condition holds.

Letz = yso then we have that d(z,y) = 0and d(y, z) = 0.

Takez = y. So then we haved(z,y) = z +yandd(y,z) = y+z. Sincez +y =y +zit
follows that d(z,y) = d(y, z).

Hence it follows, thatVz,y € N>qwe haved(z,y) = d(y,z)so the second condition
holds.

Letz = z. So then we have thatd(z,z) = 0. Sinced(z,y) > Oandd(y,z) > 0(see
irst condition), it follows thatd(z,y) + d(y,z) > 0. So,we have thatd(z,z) <
g) + d(y, z). Note that this holds whenz = z = yandz = z # y.

X ==

:1:.22%

d(z, z) < d(z,y) +d(y, 2)

.+gy+ )=z +2y+z2 9@
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The set R>g

Letz = y. We see thatd(z,y) = 0.

: t they are
Takez # y. So then we see thatd(z,y) = z +y. Sincez 2 Dy 2bu 5

=
not simulatenous zero,we can conclude thatz +y > 1 hence we have thatz # ¥y
z,y) > 0. i E
é‘; i':r)all values 7, y € Rsoit follows that d(z,y) > Oandd(z,y) = 0 & 7 = yhence

the first condition holds.

Let z = yso then we have that d(z,y) = 0and d(y, z) = 0. ; K A
Takez # y. So then we haved(z,y) = 2 +yandd(y,z) = y+z. Sincez +y =y + 21
follows that d(z,y) = d(y, z). e

Hence it follows, thatVz,y € Ryowe haved(z,y) = d(y,z)so the second condition

 Letz = z. So then we have thatd(z, z) = 0. Sinced(z,y) > Oandd(y,z) > 0 (see
 first condition), it follows thatd(z,y) + d(y,z) > 0. Sowe have thatd(z,2) <
,y) + d(y, z). Note that this holds whenz = z = yandz = z £ y._ Xx=2=
ot # £ y. So then we have s x=2ZFY

@) <dEy)+de,2) ;xﬁéz%g{

S

St z<(zH+y)+y+) =+ +2

< havey € R, we know thaty > 0s02y > 0. T%it follows that d(z, z) <

: 1* )+ d(y, z) whenz # y # 2.
. .7 thatVz,y,z € Ryowe b (z,2) < d(z,y) + d(y, z) so the third

e £

> three conditic @"we conclude that the function d(z,y)is a

he oper balls. But I am able to describe these
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The set ., U {-—l}

Takez = —landy = 1 (otherway around is also possible). Sincer # yit follows

from the function thatd(z,y) = z+y = -1+ 1 = 0. So we have that ()nt?'.r. y €

Nso U {—1}it holds thatd(z,y) =0 &z =y. s

Therefore, the first condition does not hold. Since all the three conditions must hold,

we can conclude that our function d(z, y) is not a metric on the set Nog U {1} V4
IW\/

Problem 2:

Question a:

Show by a counterexample that the image f(V) of a closed set V C X under a contin-
uous map f : X — Y is not nece%anlv closed inY.

fitenl Oy

Solution: E
Ta.keX RWlthV Let
st (sc-772)
: =tan(z —x/2) = — 7 w7\. g! L
h“ag :_C.Kx_?/zs n IFF
tha.t thik function h , so is not closed, so Y is not closed. I;_Zr <5
&

- MthEim,agef(U)ofanopensetUgXunder
} knutnmﬂyopenm}( (2

P
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Problem 4:

subsets U,‘ Q

Solution:
Since U is onnected, we %ha‘c there does not exists open sets V;, W; C U, Sli_h g /
that U,‘ =y U VV, " W?D

/VQ- :Z—
I will prove that this also holds for U, by ? v ¢ )
Base case: ] = {1,2}.

1CU11U1:‘/1UW1:>U1#I/1UW1
3 gU21U2=‘/2UW2=>U27£1/2UW2

U= || Ui=U,Ul, # (Vi UW,) U (Vo U W)

i€{1,2}
=V UuV)u (W, uw,)
‘,":1.‘-‘.1:‘ i : ' - U 4 Y U W.l=vuw
l!:'.':L X : 3 -_ o e 3 ’
Rl R R PR ic{1.2}

Since the union of open sets is open, and V;, WV, are open, we can conclude that V. W is
open.Hence we have that there does not e ists open subset V, W such that I/ — Vu
WWithU= U U,‘,VZ U I/,,W: IV,‘
1€{1,2} i€{1,2} ie{l
Induction step: I = {1,... n}
Assume that , (U }U.- is not connected. want to show that U U is also
i€{l,..n je{1

.n-—]}

subsets, we know that
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Problem 5

‘Let Aand Bbe compact subsets of a Hausdorff space X. Prove that the intersec-
. timAth compact inX.

-v ‘\ﬁu —--__—-_'____
: Wcompwt on a Hausdorff space, then AN Bis not compact on a Hau~-

o se asamp-
fq o

k-ﬁmderﬁspme, henceVz,y € X,Jopenl/,Vst.z € Uy € VandUNV = (.
Choose A, Bin such a way that AN B = {xq + r} where zgis a boundary point. For Ve

B et T 6t

% are indeed compact.

). Deln ' %w 'gzynh radius§/2. Define V by

CCIILECIEUd & ’

| We see thatz € U,y € V. where OV are open, withU NV = 0, hence we found a
- counterexample for theAssumption.

Since I have foyrd a counterexample for myNssumption, I know that my assumption
- is incorrect, Hone€ the given statement (in theNyestion) must be correct.

Lmetvmes
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c space and f : X — X be a mapping

pping such that its r

..© [is a Banach contraction (r > 1). Prove that f itself has a unique

fixed p_’ointpi!.l X. Thveue mo.fx&D@s nob 9155‘{. Tsat aboucts

Solution:

Use the notggn: f~*(p) = f ' o...0 f~!(p) ,which is a k time iteration F‘\QWQQ""S

fflp)= ~(p) P ="Pe..efB=""pes X »
/

We know that f~(z) = zfor an\z ue, since the inverse of the inverse is the original
again. Hence when Ns odd we have that —(r — 1) is even hence

2

1/ p—(r—1 ¥
F)=1""0=p
So we have indeed for r is od_that f itself has ahique fixed point. Unique since the
banach contraction is unique, Regce pis unigde. //;—\_\
When ris even, we have that 1 — g odd¢hence 2 — ris even, which gives C

o) =70 1) = f(p 2;5_@
So then we have that f1(p) 27 (p) which is dgly possible when f(p) = p. Therefore, :
8 ' ‘p)—f(p)-—psoaumque edpomr.pm\

et that f/"(p) = p = f(p) = pforris even andris odd gives a
tpin X, we can conclude that f"(p) = pimplies that f itself has a

'h%tR?O: wQQafse (0,1]+o §0}
6 s NOY v
/ To "‘Qj(e@?. Cﬂd'mcﬁ‘en,’
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